ABSTRACT. Let 51 be a generalized Hilbert algebra and let 5 be a closed right ideal of S. Let J-1 denote the pre-Hilbert space orthogonal complement of 3 inï.
JOHN PHILLIPS If 21 is a generalized
Hubert algebra, a subset K of K(2I) is said to be right invariant; left invariant; or two-sided invariant respectively if r/(2I')K Ç K; ît(2I)K Ç K; or both »t'(2I')JC C K and tt(2DJ( Ç K. If K is any Hilbert space and K is any subset of K then K® is defined by JC® = if eK|(f|ft) = 0 for all ft eKl.
If 21 is any generalized Hilbert algebra and K is the completion of 2Í, then for any subset J of 21, j is defined by J = S O 21. Moreover, J is defined to be the closure of S in K and J = J Cl 21 is the relative closure of J in 21.
1. The complementation property.
1.1 Lemma. Let 21 be a generalized Hilbert algebra. If S is a right (left; two-sided) ideal of 21, then S is a closed right (left; two-sided) ideal of 21. Moreover, S and S are closed right (left; two-sided) invariant subspaces of K(2I).
Proof. Since tt is a ^representation of 21 as bounded operators on K, the proof for left ideals is easy. Thus, it suffices to give the proof for right ideals. To see that SX is a right ideal of 21, let £ £ SX and let f £ 21. Let {fj Ç 21' be a sequence such that lim f = f. Then, ¿£ e 21 and £f = lim niQ¿; = limB *'(£")£ But, *'(£,)£ £ 3"® so that # e 3®n 21 = S\ 1.2 Lemma. Le/ 21 be a generalized Hilbert algebra such that niW) is a left ideal in L(2I). Let E be a closed right invariant subspace of K(2I). Then E O 21 is dense in E and is moreover a closed right ideal of 21.
Proof. Let P be the orthogonal projection on E. Since P commutes with ir'(ïï'), P is in L(2I). Hence zr(P(2I)) = P,r(2I) Ç tt<2I) or P(2I) Ç 21. Thus, P(2I) Ç 21 n E is dense in E since 21 is dense in K. It is fairly clear that 21 n E is a closed right ideal of 21. that 21 = S © SL, and for every nonzero projection P in L(2I), P(2I) n 21 ¿ Î0Î. Then tp satisfies the hypotheses of Theorem 2.13 of [2] and so if 21 = ¡T £ $(JK)| tß(T*T) + tpiTT*) < oo¡ then 21 is an achieved generalized Hilbert algebra with linear product iT\S) = tpiS*T) (tp can be uniquely extended to 21) and L(2I) is naturally isomorphic to $00. Let P be the projection on the vector S°°_,b_ x .
Then, P £ ¡B(K) but, P é 21 since tb(P) = oo. Now, P(2I) n 21 is a right ideal of 21
and so by Theorem 1.14 of this paper there is a nonzero projection Q £ P(2I) n 21
if P(2I) n 21 ¿ ÍOl. But, then P(Q) = Q and so Q < P. However, P is a minimal projection of L(2I) and so Q = P, a contradiction. Hence, P(2I) 21 = ¡Oj. Virtually the same example is given on p. 59 of [2] , although the above example was discovered independently. Let P be a nonzero projection in L(Q). Since P(2I) C 21 by hypothesis and
The previous arguments are only slight modifications of those in [7] . Thus, it is perhaps surprising that Proposition 1.5 has a converse. Hence 21 is actually a Hilbert algebra. Now, let Q £ L(2I ) be a projection.
Then by Lemma 1.6, Q(2l2) Ç 212. Now, one can identify L(2I2) and (l -P)L(2I) so that L(2I ) has no nonzero abelian direct summands. Therefore, by a theorem of Fillmore and Topping [3] , L(2I ) is generated algebraically by its projections.
That is, T(2I2) Ç 212 for all T £ L(2I2) which implies that zr(2I2) is a left ideal in L(2I2). To see that condition 2 implies condition 1, let f £ K¡ and let 27(f) = UT be the polar decomposition of ni£). Now U is in L(2I) and so T = U*ni0 = 7riU*£) is in »(H.). But, since T is selfadjoint, T e 2r(2I). That is, T -7riQ tot some £ £ 21. Thus, 27(f) = UniO is ln "(21) by hypothesis and therefore f £ 21. That is, «UK,. 
Clearly, X, itself is always strongly orthocomplemented so that condition 1 is not too surprising. Next, a useful inequality is obtained which tells when an achieved algebra is strongly orthocomplemented. 
M|iai +||iKf)||). Therefore, M"II < (« -l) (||f|| + UO\\) for all £ in 21.
On the other hand, suppose that the condition holds. Let C, £ H, and let 7r(¿) = Uiri£) be the polar decomposition of tAÇ). Now, as seen in the proof of That is, SeeJ|e|| would converge and so S fe would define a selfadjoint projection of %. But, since 2 efe® = SB, 2 ege would be a left identity for S and therefore an identity. Since S has no identity by hypothesis, the set of projections in 35 is unbounded. Now, since the involution on 21 is discontinuous, let if ! Ç 21 be a sequence such that lim f = 0 but ||f || = 1 for all n. Now, choose a sequence of selfadjoint idempotents \e \ Ç % such that ||e || > 77.||77(f )||. If (21 ® %" were strongly orthocomplemented then by Theorem 1.11 there would exist a constant K > 0 such that ||£»|| < K(||£|| + UO\\) for all £ in (21 ® 8)\ But, then ||£* ® ej < K(Un ® %ll + U?n 9 en)\\) or 0 < 1/K < ||fJ + |Mfn)||/||eJ < JfJ + l/n. for all positive integers n which is a contradiction. Hence, (21 ® $)" is not strongly orthocomplemented.
1.16 Direct sums. Let Í21a!ae<4 be a collection of generalized Hilbert algebras. Then the algebraic direct sum of {2Iaiae/. is clearly a generalized Hilbert
